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Abstract 
Hansen, V.L., Covering maps with separators, Topology and its Applications 49 (1993) 221-230. 
In the theory of polynomial covering maps it has emerged that the key property for an n-fold 
covering map z-: E + X to be polynomial is that it admits a continuous complex valued function 
f: E + C which separates points in the fibres of T. Such a separating function leads immediately 
to the fundamental properties of a polynomial covering map rr: E + X, i.e.: the existence of an 
embedding of n into the trivial complex line bundle over X; a characteristic homomorphism for 
r into the braid group on n strings; and the existence of a primitive for the extension of complex 
function rings C(E) of C(X) defined by rr. In this paper we investigate the existence of general 
separation spaces for finite covering maps and study possible generalizations of the above 
properties of polynomial covering maps. 
Keywords: Finite covering map, separation space, separator for covering map, generalized Weier- 
strass polynomial, generalized polynomial covering map, primitive for extension of function rings. 
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In the theory of polynomial covering maps it has emerged that the key property 
for an n-fold covering map rr : E + X to be polynomial is that it admits a continuous 
complex valued function f: E + @ which separates points in the fibres of n. Such 
a separating function leads immediately to the fundamental properties of a poly- 
nomial covering map n: E + X, i.e.: the existence of an embedding of T into the 
trivial complex line bundle over X, [6, Theorem 5.11; a characteristic homomorphism 
for rr into the braid group on n strings, [5, § 21; and the existence of a primitive 
for the extension of complex function rings C(E) of C(X) defined by V, [ 1, 9 1; 7; 81. 
The purpose of this paper is to investigate the existence of general separation 
spaces for finite covering maps and to study possible generalizations of the above 
properties of polynomial covering maps. First we show that there exist linear 
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separation spaces which work for all finite covering maps onto finite dimensional 
complexes. Then a particular study is made of manifolds as separation spaces. Next 
we introduce generalized Weierstrass polynomials with values in a topological ring 
and prove that every finite covering map onto a finite dimensional complex is 
equivalent to a generalized polynomial covering map. We locate a class of topological 
rings with the property that all separable Weierstrass polynomials with values in 
these rings define finite covering maps. This leads to a new proof that polynomial 
covering maps are covering maps in the usual sense. Finally, we relate separators 
into topological fields to primitives for extensions of function rings. 
1. Separators and separation spaces 
Throughout the paper X denotes a connected, paracompact topological space 
and rr: E + X denotes an n-fold covering map onto X. In addition we shall need 
a topological space S, called a separation space, as the range space for possible 
separators for 3-. 
Definition 1.1. A continuous map f: E + S such that f(e,) #f( eJ whenever the 
points e,, e, E E are different points in the same fibre of rr is called a separator 
(with separation space S) for the covering map r. 
A separator f: E + S defines a fibrewise embedding h = (r, f) : E + X x S of v 
into the trivial bundle with fibre S over X and conversely. This is the connection 
with the embedding criterion [6, Theorem 5.11. 
A principal bundle rr: E + X defined by the free action of a finite group G on 
E is in particular a finite covering map. The problem of existence of separation 
spaces for such covering maps is strongly related to (generalizations of) the Borsuk- 
Ulam theorem. As an example, the standard 2-fold covering map of the n-sphere 
S” onto the real projective n-space RP” does not admit the real number space R” 
as separation space if k G n, since that would contradict the classical Borsuk-Ulam 
theorem. 
A covering map rr : E + X always admits at least one separator, namely the identity 
map 1 E : E + E. Obviously this separator is not too interesting and the main concern 
is to find separation spaces with as much structure as possible which work for large 
classes of covering maps onto X. 
2. Linear separation spaces 
In case S = R is the real numbers it follows by a theorem of Farrell [2] that there 
are no connected, regular covering spaces E over X that admit separators with 
separation space R. In case S = @ is the complex numbers it is exactly the (covering 
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maps equivalent to) polynomial covering maps that admit separators with separation 
space 6), [6, Theorem 5.11. If the base space X in the covering map 7~: E + X is a 
finite dimensional complex it was shown in [4] that r always admits a separator 
with the real number space R”’ of dimension m as separation space if m exceeds 
the dimension of X; see also Theorem 4.2. Covering maps that admit separators 
with R” as a separation space have been studied extensively in [12], where such 
coverings are called m-fat coverings. 
From the result about R” as a separation space, we get immediately the following 
theorem. 
Theorem 2.1. Let X be a finite dimensional complex and let V be a real topological 
vector space of infinite dimension. Then V is a separation space for every$nite covering 
map onto X. 
A finite dimensional vector space will not do in Theorem 2.1, as can be seen by 
considering the family of 2-fold covering maps rr : S” + R P” for all dimensions n. 
It is therefore the best possible general result for linear separation spaces. 
3. The circle and the sphere as separation spaces 
Let 7~ : E + X be an n-fold covering map for which the circle S’ is a separation 
space. Then 7~ admits an embedding into the trivial S’-bundle, and therefore also 
into the trivial complex line bundle, over X. Consequently, rr is a polynomial 
covering map. 
A 2-fold polynomial covering map r: E + X is equivalent to a pull-back of the 
principal Z,-bundle pz : S’ + S’, p*(z) = z2, [9, Theorem IV.5.3, p, 1451. There exists 
therefore a commutative diagram 
/ 
E - S’ 
such that f is injective on the fibres of r. This proves 
Theorem 3.1. Every 2-foldpolynomial covering map 71: E + Xadmits S’ as a separation 
space. 
Remark 3.2. Suppose the 2-fold polynomial covering map n: E + X is associated 
with the separable Weierstrass polynomial P(x, z) = z’+ a,(x)z+ a,(x). Following 
the constructions behind [9, Theorem IV.5.3, p. 1461, it is then easy to see that an 
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explicit separator f: E + S’ can be defined by 
2z-t a,(x) 
f(x7Z)=12z+u,(x)j. 
In fact, f(x, z) is the normalized square root of the discriminant for the polynomial 
P(x, z) for each x E X. 
There is a similar result for the class of principal Z,-bundles which can be 
equivariantly embedded into the trivial complex line bundle; the so-called 
equivariantly polynomial iZ,-bundles. Using [ll, Theorem 3.21 and considering 
pull-backs of the principal Z,-bundle, p,(z) = zn, we get 
Theorem 3.3. Every equivariantly polynomial Z,-bundle admits S’ as a separation 
space. 
The 2-sphere S2 is also a separation space of particular interest. Obviously all 
polynomial covering maps admit the 2-sphere S* as separation space. The class of 
finite covering maps with S2 as separation space is however larger than the class of 
polynomial covering maps. To see this we consider the orientation coverings of the 
nonorientable surfaces by the orientable surfaces. 
Let TR denote the closed orientable surface of genus g 2 0, i.e., a sphere with g 
handles, and let U, denote the closed nonorientable surface of genus ga 1, i.e., a 
sphere with g crosscaps. For each g 2 0, the orientation covering of U,,, is a 2-fold 
covering map pg: T,+ U,,,. In [6, Theorem 6.11 it was proved that this double 
covering is polynomial if and only if g is odd; see also [9, Theorem 111.3.81. 
Here we shall prove 
Theorem 3.4. The 2-fold covering map pp : T, + Ug+, admits S2 as a separation space 
for every genus g 5 0. 
Proof. We can consider T, as an embedded surface in Euclidean 3-space, embedded 
such that the surface is symmetric with respect to reflection in the origin. The 
antipodal map induces an involution on T, and the orbit space for this involution 
is exactly U,,, . The canonical projection map of T, onto the orbit space U,,, is 
then the 2-fold covering map pp : T, + U,,, in question. Using this model for pg, it 
is now easy to prove that the Gauss map f: TR + S2, which to each point x E T, 
associates the outward pointing unit normal vector, is a separator for pp. 0 
There is also a less direct proof of Theorem 3.4 that actually proves a more general 
result. This proof goes as follows. Any 2-fold covering map r : E + X is classified 
by a map of X into the infinite dimensional real projective space RP”. If X is a 
2-dimensional complex, then the classifying map is homotopic to a map into RP2 
by the cellular approximation theorem. Therefore r: E + X is equivalent to a 
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pull-back of the 2-fold covering map pO : S2 + RP’. In particular, there exists a map 
f: E + S2, which is injective on the fibres of Z-, i.e., f is a separator for VT. This proves 
Theorem 3.5. Every 2-fold covering map T : E + X onto a 2-dimensional complex X 
admits S’ as a separation space. 
The class of finite coverings maps, which admit S’ as a separation space, is fairly 
large, since any group can be realized as the fundamental group of a 2-dimensional 
complex. 
4. Manifolds as separation spaces 
In this section M denotes a connected manifold of dimension m 2 2. 
For each integer n 2 2, denote by F,,(M) the space of n-tuples of pairwise different 
points in M and by C,,(M) the space obtained from F,,(M) by identifying n-tuples 
which agree up to permutation. The permutation group 1, on n elements acts freely 
to the right on F,,(M) and the action induces the principal En-bundle pn : F,,( M I+ 
C,(M). The space F,(M), respectively C,(M), is called the configuration space of 
a set of n ordered, respectively unordered, points in M. The configuration spaces 
F,,(M) and C,,(M) are connected spaces since the dimension of M is 22. Choose 
base points in F,,(M) and C,(M). Following an idea of Fox [3] we can then define 
the group of n-braids in M as the fundamental group of C,,(M). Correspondingly 
the fundamental group of F,,(M) is called the group of pure (coloured) n-braids 
in M. For S = @ we recover the classical Artin braid groups. 
Suppose now that rr: E + X is an n-fold covering map with separator f: E + M 
into the separation space M. Then f induces a continuous map cy : X + C,,(M) 
defined by associating to ?c E X the n-point set a(x) = f( E,) given by the image in 
M of the fibre E, of r over x. In the case M = @ this corresponds to the root map 
for a polynomial covering map, [5, S; 21. Furthermore C,(C) is an Eilenberg- 
MacLane space of type (B(n), l), where B(n) denotes the classical Artin braid 
group, and hence the homotopy class of the root map cy is determined completely 
by the conjugacy class of the induced homomorphism (Y*: T,(X)+ B(n) from the 
fundamental group of X into B(n). This is a most fruitful property and it is the 
unique feature which distinguishes C as a separation space. 
Suppose now conversely that we are given a continuous map LY : X + C,(M). The 
group of permutations .Z,, acts to the left on (1,. . . , n} and therefore we can define 
an associated bundle with fibre { 1, . . , n} to the principal bundle pn of configuration 
spaces, 
pn: E,,(M) = F,(M) xL,, (1,. . . , n}+ C,,(M). 
In particular Is, is an n-fold covering map and by pull-back along (Y we get an 
n-fold covering map ~(a) : E + X onto X. We can define a separator f: E + M for 
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r(~)bythedefinitionf(x,[(s, ,..., s,), i])=si,where[(s ,,.. . , s,,), i] is an arbitrary 
point (equivalence class) in E such that (Y(X) is the n-point set in M given by 
is,, . . . , s,}. Obviously the map X + C,,(M) defined by the separator f: E + M is 
the original map (Y. 
Denote by Covy(X) the set of equivalence classes of n-fold covering maps onto 
X which admit separators with separation space M and let [X, C,,(M)] denote the 
set of free homotopy classes of continuous maps of X into C,(M). 
Then we have the following 
Theorem 4.1. For any connected manifold M of dimension m 2 2 and any integer 
n 2 2, there is a surjective map 
LX, G(M)I+ Cov,“W), 
which to the homotopy class of a : X + C,(M) associates the equivalence class of the 
covering map n(o) : E + X. 
Proof. We only have to prove that the map 
[X, G(WI+ Cd’(X) 
is surjective. For that purpose let rr: E --,X be an arbitrary n-fold covering map 
with separator f: E + M, and let (Y : X -+ C,,(M) be the map defined by f: Let 
rr* : E” + X be the pull-back of P,, along (Y. To finish the proof we must define an 
equivalence h between the covering maps v and r*, 
h 
E - E” 
IX* 
- E,(M) 
71 .7r* I- PO 
x-x 
1x 
- C,(M) a 
For each point eE E, put h(e) = (n(e), [(eL(,), . . . , etceI), i]), if a(rr(e)) = 
[e&,1,. . . , e$,J and e = e&. It is then easy to prove that h is well defined and 
that it provides the required equivalence of covering maps. 0 
In general the map in Theorem 4.1 is not injective. Already in the case M =@ 
there are nontrivial maps CI : X + C,(C) that induce the trivial n-fold covering map 
onto X, [5, Example 4.31. 
The following general result contains among others the case of a sphere of arbitrary 
dimension as a possible separation space. 
Theorem 4.2. Suppose that X has the homotopy type of a connected CW-complex of 
dimension k > 1, and let M be a (k - 1)-connected manifold of dimension m > k 3 1. 
Then M is a separation space for every$nite covering map onto X. 
Proof. Let rr : E -+ X be an n-fold covering map and suppose that X is a CW-complex 
of dimension k 2 1. Over a cell in X, the covering map r is trivial, and hence a 
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separator into M over that part of 7r can be identified with a map of the cell into 
the configuration space F,,(M). Since F,,(M) is (k - 1)-connected under the given 
conditions on M, [9, Lemma 111.7.4, p. 1161, a separator already defined over the 
boundary of a cell can be extended to the cell. Hence we can construct a separator 
f: E + M for rr : E + X as required by elementary obstruction theory. Cl 
Theorem 4.2 is an important special case of [9, Theorem 111.7.2, p. 1141, which 
considers embeddings of finite covering maps into arbitrary bundles with fibre M 
over X. 
5. Generalized Weierstrass polynomials and their covering maps 
Suppose in this section that R is a topological ring. We shall always assume that 
the topology on R is a Hausdorff topology. 
Let C(X, R) denote the set of continuous functions of X into R with the natural 
ring structure induced by the standard pointwise defined operations, and let 
C(X, R)[z] denote the polynomial ring over C(X, R) in the variable z E R. 
A manic (leading coefficient 1) polynomial P(x, z) E C(X, R)[z], i.e., a polynomial 
of the form 
P(x, z) = zn + c ai(x)zn-i, 
i=l 
where a,, . . . , a,. . X + R are continuous functions, is called an R-valued Weierstrass 
polynomial over X, or a generalized Weierstrass polynomial over X. 
If f: E + R is a separator for the n-fold covering map rr : E + X then we can 
define an R-valued Weierstrass polynomial P(x, z) E C(X, R)[z] over X by the 
definition 
P(x, z) = n (z-f(c)), XE X, 
ei/Z, 
where E, denotes the fibre in n= over x E X. The polynomial P(x, z) is obviously a 
separable polynomial over C(X, R), i.e., it has no multiple roots for any x E X. In 
case R = C we recover the Weierstrass polynomials from [6]. 
We shall call a covering map, which can be described as the zero set for an 
R-valued Weierstrass polynomial, a generalized polynomial covering map. In case 
R = C we recover the classical polynomial covering maps from [6]. 
From Theorem 2.1 we get immediately the following result. 
Theorem 5.1. Let R be a real topological algebra of injinite dimension. Then every 
finite covering map rr : E + X onto a jinite dimensional complex X is equivalent to a 
generalized polynomial covering map defined by an R-valued Weierstrass polynomial. 
Particular examples of topological algebras R, which can be used in Theorem 
5.1, are furnished by real Banach algebras of infinite dimension. The theorem shows 
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that all finite covering maps onto finite dimensional spaces can be constructed from 
suitable generalized Weierstrass polynomials. 
If conversely, P(x, 2) E C(X, R)[ ] z IS a separable R-valued Weierstrass poly- 
nomial of degree n over X, we would like to define an n-fold covering map r : E + X 
by taking as E the zero set for P(x, z) in X x R and for 7~ the projection map onto 
X. To ensure that we actually get an n-fold covering map we need to put two 
restrictions on the topological ring R. 
The first condition is algebraic. To ensure that each fibre in v contains n points, 
the ring R has to be separably algebraically closed, i.e., every separable irreducible 
polynomial over R is linear. 
The second condition concerns the topology on R. To get a covering space over 
the parameter space we obviously need the roots in the R-valued Weierstrass 
polynomial locally to vary continuously with the coefficients. To ensure that in 
complete generality for all degrees n it is necessary that the topology on R is of 
type u, [lo, Theorem 21. 
We say that the topology on R is of type v, if for each neighbourhood U of OE R, 
there is a neighbourhood V of 0 E R such that if a product ab E V, then a E U or 
b E U. The terminology is due to Kaplansky and there are several equivalent 
definitions, [13, Lemma 4.21. Clearly a topological ring of type n is an integral 
domain (no zero divisors). 
If R is a topological field and the topology is neither discrete nor antidiscrete, 
then it is of type u if and only if it is induced either by an absolute value or by a 
non-Archimedian valuation, [14, Theorem 5, p. 1351. Furthermore, by results of 
Kiltinen [lo], the type u property is strongly related to continuity properties of root 
functions for polynomials over R; see also [13] and [14, Chapter 51. Examples of 
fields with a topology of type v include the real and complex number fields [w and 
C, p-adic number fields, fields of meromorphic functions and several others. 
As the following theorem shows, the above two conditions on R are sufficient to 
get covering maps from separable R-valued Weierstrass polynomials. I am grateful 
to Anders Host-Madsen for very valuable discussions on the formulation of the 
theorem and of its proof. 
Theorem 5.2. Let R be a separably algebraically closed topological ring where the 
topology is oftype v, and let P(x, z) E C(X, R)[z] b e a separable R-valued Weierstrass 
polynomial of degree n over X. Then we get an n-fold covering map rr : E + X by taking 
as E the zero setfor P(x, z) in X x R andfor n the projection map onto X. Furthermore, 
the proj.ection map f: E + R into R is a separator for T. 
Proof. Let zI , . . . , z, E R be the n zeros for P(x,, z), i.e., P(x,, z,) =0 for each 
i=l,...,n. 
Since R is separably algebraically closed we have a unique factorization 
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whereA,(x),. A,(x) : X + R are n functions (usually not continuous) defined by 
assigning numbers to the n zeros for P(x, z) for each x E X. Let U be a neighbourhood 
OfOERsuchthat r/;=z,+U, i=l,..., n, is a set of n pairwise disjoint neighbour- 
hoods of the zeros z, E R. Choose a neighbourhood V of OE R with the property 
that if a finite product of elements in R is in V then at least one of the factors is 
in U. Here we use the assumption that the topology on R is of type V. Next choose 
an open neighbourhood N of x0 E X such that P(x, z,) E V for all x E N and all 
i=l,..., n. This is possible since the polynomial is continuous in x. For each x E N 
and each i = 1,. . . , n, there is a unique h,(x) E R such that A,(x) - z, E U, or 
equivalently, A,(x) E U,. After a possible redefinition of the functions 
A,(x),..., A,(x), we can assume that A,(x) E U, for all x E N and all i = 1,. . . , n. 
Now work inside the neighbourhoods U, of z, and N of x,,. By performing the 
same constructions around each point x E N and the corresponding set of zeros of 
P(x, z) as we performed around x0 and the zeros of P(x,, z), it is easy to prove 
that the functions A,(x) are continuous on N and that they provide local sections 
for n. It follows that n is indeed a covering map as asserted. 0 
If we take R = f2 in Theorem 5.2 we get the classical polynomial covering maps. 
The above proof is completely different from the earlier proofs that polynomial 
covering maps are indeed covering maps in the usual sense. 
Theorems 5.1 and 5.2 complement each other. It should however be remarked 
that the only real algebras R with a topology of type ~1 known to the author are the 
number spaces IR and @. If the real algebra R is a field, it is known that there are 
no others, [14, Theorem 9.4.13, p. 2081. I am grateful to Professor Chr. U. Jensen 
for discussions on this point. 
6. Separators and primitives for extensions of function rings 
Suppose in this section that K is a commutative topological field. 
In the paper [l] separators with separation space @ for n-fold covering maps 
rr : E + X are identified with primitive generators of order n for the function ring 
C(E) of complex valued continuous functions on E considered as a module over 
the corresponding function ring C(X) on X. The arguments can easily be generalized 
to separators into topological fields. 
An n-fold covering map rr : E + X induces a monomorphism r*: C(X, K) + 
C(E, K) along which we can consider C(E, K) as a ring extension of C(X, K) or 
as a module over C(X, K). 
A continuous functionf: E + K is called a primitive for the ring extension C( E, K) 
of C(X, K) if the set of functions {l,J; . . . ,fnm’} is a basis for C( E, K) as a module 
over C(X, K). 
Suppose that f: E + K is a separator for the n-fold covering map rr: E +X. Let 
{e,, . . . , e,} be the set of points in the tibre E, of r over a given point x E X. For 
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an arbitrary function g E C(E, K) consider the linear system of n equations, 
g(ei)= %(X)+c~1(x)f(e,)+~ * . +Cn-~(xlf"-'(ei) 
in the unknown c,(x), c,(x), . . , c,_,(x) E K. The determinant of the system is the 
Vandermonde determinant 
which is nonzero since f separates points in the fibres. Therefore the system has a 
unique solution. Since 7r is locally trivial it is easy to prove that the coefficients 
c,(x), c,(x), . . . , c,_,(x) are continuous in x and hence they define elements in 
C(X, K). 
If conversely the ring extension C(E, K) of C(X, K) admits a primitive f~ 
C(E, K) then it is obvious that f: E + K is a separator, since if f does not separate 
points in the fibres of r no function g E C( E, K) will do so, and this is a contradiction, 
since E is a normal space. 
The above arguments prove the following 
Theorem 6.1. Let s- : E + X be an n-fold covering map and let K be a topologicalfield. 
Then a function f: E -+ K is a separator for T if and only if it is a primitive for the 
ring extension C(E, K) of C(X, K). 
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